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HMM . $M$ , $L$ .
$S=\{s_{1}, \cdots, s_{M}\}$ , $v=\{v_{1}, \cdots, v_{L}\}$ . , HMM ,
$A=[a_{i,j}]$ . , $v_{l},$ $l=1,$ $\cdots,$ $L$ $B(v\downarrow)$
. , $b_{i}(v_{l})$ $B(v_{l})$
. $b_{i}(v_{l})$ $s_{i}$ $v\iota$ . HMM
$\pi=\{\pi_{1}, \cdots, \pi_{M}\}$ , $\xi=\{\xi_{1}, \cdots,\xi_{M}\}^{T}$ .
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$\theta$ ,
$\log P(D;\theta)=\log\sum P(D, Z;\theta)$ (1)
$Z$
. $P(\cdot)$ . $\theta$
. , (1) $\theta$ . EM
$(D, Z)$ $\theta$ .
$P(Z|D;\theta)$ , ,
$Q( \theta|\theta’)=\sum P(Z|D;\theta’)\log P(D, Z;\theta)$ (2)
$Z$
. $\theta’$ . (2)
$Q$ . EM $\theta’$ $Q$
( $E$ ) , $\theta$ , $(M$
) .
3.2 EM HMM (Baum-Welch )
, $D=\{x_{1}, \cdots, x_{K}\}$ HMM .
( ) $Z=\{z_{1}, \cdots, z_{K+1}\},$ $z_{k}=(z_{k,1}, \cdots, z_{k,M})$ . $z_{k,i}$ $k$
$x_{k}$
$i$ , $i$
1, $0$ . $(D,Z)$ ,
$\log P(D, Z)=\sum_{i=1}^{M}z_{1,i}\log\pi_{i}+\sum_{k=1}^{K}\sum_{i=1}^{M}\sum_{j=1}^{M}z_{k,i}z_{k+1,j}\log(I(x_{k}=v_{l})b_{i}(v_{l})a_{i,j})+\sum_{:=1}^{M}z_{K+1,i}\log\xi_{i}$
(3)
. $P(Z|D;\theta’)$ $E[\cdot|D;\theta’]$ , (2) (3) ,
$Q(\theta|\theta’)$ $=$ $\sum_{i=1}^{M}E[z_{1,i}|D;\theta’]\log\pi_{i}+\sum_{k=1}^{K}\sum_{i=1}^{M}\sum_{j=1}^{M}E[z_{k,i}z_{k+1,j}|D;\theta’]\log(I(x_{k}=v_{\iota})b_{i}(v_{l})a_{i,j})$
$+ \sum_{i=1}^{M}E[z_{K+1,i}|D;\theta’|\log\xi_{i}$ (4)
. $\theta=(\pi, A, B, \xi)$ . (4)
,
$a_{i,j}= \frac{\sum_{k=1}^{K}E[z_{k,i}z_{k+1,j}|D;\theta’]}{\sum_{k=1}^{K}\sum_{j=1}^{M}E[z_{k,i}z_{k+1,j}|D;\theta’]},$ $b_{i}(v_{l})= \frac{\sum_{k=1}^{K}I(z_{k}=v_{l}),E[z_{k,i}|D;\theta’]}{\sum_{k=1}^{K}E[z_{ki}|D;\theta]},$
$\pi_{i}=E[z_{1,i}|D;\theta’|$ (5)
( $M$ ). , $E[z_{k,i}z_{k+1,j}|D;\theta’]$ ,
$E[z_{k,i}z_{k+1,j}|D;\theta]$ $=$ $\sum z_{k,i}z_{k+1},{}_{j}P(Z|D;\theta)$
$Z$
$=$ $\frac{1}{P(D)}[\pi B(x_{1})AB(x_{2})A\cdots B(x_{k-1})A]_{i}b_{i}(x_{k})a_{i,j}[B(x_{k+1})A\cdots B(x_{K})A\xi]_{j}$
(6)
. $\alpha_{k},\beta_{k}$
$\alpha_{k}=\pi B(x_{k})AB(x_{k+1})A\cdots B(x_{K})A,$ $\beta_{k}=B(x_{k})AB(x_{k+1})A\cdots B(x\kappa)A\xi$ (7)
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, $E[z_{k,i}|D|$ $E[z_{1,i}|D]$ ,
$E[z_{k,i}|D]$ $=$ $\frac{1}{P(D)}[\alpha_{k-1}|_{i}[B(x_{k})A\beta_{k+1}|_{i}$ , (8)
$E[z_{1,i}|D]$ $=$ $\frac{\pi_{i}[\beta_{1}]_{i}}{P(D)}$ (9)
. ,
$E[N_{i,j}|D]= \sum_{k=1}^{K}E[z_{k,i}z_{k+1,j}|D],$ $E[Y_{i,l}|D]= \sum_{k=1}^{K}I(x_{k}=v_{l})E[z_{k,i}|D],$ $E[R_{i}|D]=E[z_{1,i}|D]$ . (10)
$E[N_{ij}|D]$ $0$ $K$ , $s_{i}$ $Sj$ , $EN_{i,j}$
. $E[Y_{i,k}|D]$ $0$ $K$ , $s_{i}$ $v_{l}$
, $EY_{it}$ . $E[R_{i}|D]$ HMM $s_{i}$
$ER_{i}$ . BW , 4
.
Stepl $0$ $k=1,2,$ $\cdots,$ $K$ $\alpha_{k}$ .
$\alpha_{0}=\pi,$ $\alpha_{k}=\alpha_{k-1}B(x_{k})A$ . (11)
Step2 $K+1$ $k=K,$ $K-1,$ $\cdots,$ $1$ $\beta_{k}$ .
$\beta_{K+1}=\xi,$ $\beta_{k}=B(x_{k})A\beta_{k+1}$ . (12)
Step3 .
$EN_{i,j}$ $=$ $\sum_{k=1}[\alpha_{k-1}]_{i}b_{i}(x_{k})a_{i,j}[\beta_{k+1}]_{j}K$ , (13)
$EY_{i,l}$ $=$ $\sum_{k=1}^{K}I(x_{k}=v_{l})[\alpha_{k-1}]_{i}[B(v_{l})A\beta_{k+1}|_{i}$ , (14)
$ER_{i}$ $=$ $\pi_{i}[\beta_{1}]_{i}$ (15)
Step4 .
$a_{i_{2}j}= \frac{EN_{i,j}}{\sum_{j=1}^{M}EN_{i,j}},$ $b_{i}(l)= \frac{EY_{i,l}}{\sum_{l=1}^{L}EY_{i,l}},$ $\pi_{i}=\frac{ER_{i}}{\sum_{i=1}^{M}ER_{i}}$ . (16)
, Step4 , .
, Stepl Step4 .
BW . .
, .
Stepl $\alpha_{k-1}$ , $\alpha_{k}$ .
.
1 BW . BW
Stepl Step2 , BW 2 .
Step3 , .
. 4 3 .
4 EM
4.1 EM
EM (Genelaized EM,GEM) EM .








$\sum_{Z}\tilde{P}(Z|\psi)\log\frac{P(D,Z;\theta)}{\tilde{P}(Z|\psi)}\equiv F(\tilde{P}, \theta)$. (17)
$F(P^{\vee}\theta)$ ,
$\log P(D, \theta)-F(\tilde{P}, \theta)=KL(\tilde{P}(Z|\psi), P(Z|D;\theta))$ (18)
. $KL(\cdot,$ $\cdot)$ KL , . $\tilde{P}(Z|\psi)$
$F(\tilde{P}, \theta)$ $\psi$ .
42 EM HMM
32 $D=\{x_{1}, x_{2}, \cdots, x_{K}\}$ HMM GEM
. , $Z=\{z_{1}, z_{2}, \cdots z_{K+1}\}$ , $q(z)$
. ,
$P(Z|D)\cong q(Z)$ . (19)
$q(z)$ , $q(Z)=q_{1}(z_{1})q_{2}(z_{2})\cdots q_{K+1}(z_{K+1})$ (17)
,
$F(q_{1}, \cdots, q_{K+1};\theta)=\sum_{z_{1}}\sum_{z_{2}}\cdots\sum_{z_{K+1}}q_{1}(z_{1})q_{2}(z_{2})\cdots q_{K+1}(z_{K+1})\log\frac{P(D,z_{1},z_{2}.’.\cdot.\cdot\cdot,z_{K+1};\theta)1}{q_{1}(z_{1})q_{2}(z_{2}),,q_{K+1}(z_{K+1})}$
(20)
. $\sum_{Z_{k}}q_{k}(z_{k})=1,$ $k=1,$ $\cdots,$ $K+1$ ,
$q_{k}^{*}(z_{k}|D)$ $\propto$
$\exp\{\sum_{z_{1}}\cdots\sum_{z_{k-1}}\sum_{z_{k+1}}\cdots\sum_{z_{K+1}}q_{1}^{*}(z_{1}|D)\cdots q_{k-1}^{*}(z_{k-1}|D)q_{k+1}^{*}(z_{k+1}|D)\cdots q_{K+1}^{*}(z_{K+1}|D)$
$\cross\log P(D, z_{1}, \cdots, z_{K+1})\}$ (21)
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. $q_{k}^{*}(z_{k})$ $q_{k}(z_{k})$ . $q_{k}(z_{k})= \prod_{i=1}^{M}\psi_{k,i}^{z_{k,i}}$
$q_{k}^{*}(z_{k})$ $\propto$ $\exp\{\sum_{i=1}^{M}\psi_{1,i}\log\pi_{i}+\sum_{l=2}^{k-2}\sum_{i=1}\sum_{j=1}\psi_{l,i}\psi_{l+1,j}\log[B(x_{k})A]_{i,j}$
$+ \sum_{i=1}^{M}\sum_{j=1}^{M}\psi_{k-i_{i^{Z}k,j}},\log[B(x_{k})A]_{i,j}+\sum_{i=1}^{M}\sum_{j=1}^{M}z_{k,i}\psi_{k+1,j}\log[B(x_{k})A]_{i,j}$





. $k=1,$ $K+1$ ,
$\psi_{1,i}^{*}\propto\pi_{i}\prod_{j=1}^{M}[B(x_{1})A]_{i,j}^{\psi_{2j}^{*}}$” $\psi_{K+1,i}^{*}\propto\prod_{j=1}^{M}[B(x_{K})A]_{j,i}^{\psi_{I\zeta.j}^{*}}\xi_{i}$ (25)
. (24) (25) $\psi_{k,i}^{*}$ $P(Z|D)$ .
$\psi_{k,i}^{*}$ GEM $E$ $\psi_{k}$ $E[N_{i,j}|D],$ $E[Y_{i,l}|D],$ $E[R_{i}|D]$
$M$ (16) . $\psi$
GEM .
Stepl $k=1,$ $K+1$ $k=2,3,$ $\cdots,$ $K$ $\psi_{k,i}$ .
$\psi_{1,i}$ $\propto$ $\pi_{i}\prod_{j=1}^{M}[B(x_{1})A]_{i,j}^{\psi_{2j}’}$
” (26)
$\psi_{K+1,i}$ $\propto$ $\prod_{j=1}^{M}[B(x_{K})A]_{j,i}^{\psi_{K,j}’}\xi_{i}$ , (27)
$\psi_{k,i}$ $\propto$ $\prod_{i=1}^{M}[B(x_{k})A]_{i,j}^{\psi_{k-1.:}’}\cross\prod_{i=1}^{M}[B(x_{k})A]_{j,i}^{\psi_{k+1,:}’}$ . (28)
Step2 .
$E[N_{i,j}|D]$ $=$ $\sum_{k=1}\psi_{k,i}\psi_{k+1,i}K$ , (29)
$E[Y_{i,t}|D]$ $=$ $\sum_{k=1}^{K}I(x_{k}=v\iota)\psi_{k,i}$ , (30)
$E[R_{i}|D]$ $=$ $\psi_{1,i}$ . (31)
Step3BW (16) .
GEM Stepl Step3 .
$\psi’$ $\psi$ .
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GEM . 2 GEM
. Stepl $\psi^{*}$ , $k=1,$ $\ldots$ , $K$ $\psi_{k}$
$\psi$ , $\psi_{k},$ $k=1,$ $\ldots,$ $K$ . ,
. 2 , ,
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. OpenMP . OpenMP API ,
,
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. BW GEM
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3: BW GEM .
, .
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